Asymptotic Pade-Approximant Predictions for Renormalization-Group 
Functions of Massive </> 4 Scalar Field Theory 
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Abstract 

Within the context of massive TV-component (j> 4 scalar field theory, we use asymptotic Pade- 
approximant methods to estimate from prior orders of perturbation theory the five-loop contributions 
to the coupling-constant (3- function f3 g , the anomalous mass dimension ~/ m , the vacuum-energy (3- 
function (3 V , and the anomalous dimension j 2 of the scalar field propagator. These estimates are then 
compared with explicit calculations of the five- loop contributions to /3 ff , j m , f3 v , and are seen to be 
respectively within 5%, 18%, and 27% of their true values for TV between 1 and 5. We then extend 
asymptotic Pade-approximant methods to predict the presently unknown six- loop contributions to (3 g , 
7, n , and f3 v . These predictions, as well as the six-loop prediction for j 2 , provide a test of asymptotic 
Pade-approximant methods against future calculations. 

A substantial body of work jl], |2[ ||, ||, || already exists in which Pade-approximant methods are 
utilized to predict higher order corrections in quantum field theoretical calculations. In the present 
letter, we apply such methods to the coupling-constant /3-function P g (g), the anomalous mass dimension 
j m (g), the anomalous scalar- field propagator dimension 7 2 (g), and the vacuum-energy /^-function f3 v {g) 
for a massive </> 4 iV-component scalar field theory based on the LagrangianQ 
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Specifically, we utilize the asymptotic Pade algorithm described in refs. |@] and [||] to compare predictions 
of five-loop contributions to f3 g (g), Jm(g), and j3 v (g) to their now-known 0, ^ calculated values. These 
predictions are seen to be startlingly successful for (3 g (g), and for up to five scalar field components, 
are generally within 20% of the correct value for the five- loop term in 7 m (<?) and (3 v (g). We then adapt 
asymptotic Pade methods to predict the presently unknown six- loop contributions to 72(5), (3 g {g), 7m {g), 
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1 The final constant term in (jjj) is of relevance only for the calculation of f3 v (g) |^), and has not been incorporated in 
calculations Q of f3 g (g), 7™ (g), and j 2 (g). 
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and P v (g), with the hope that these predictions may be tested against six- loop calculations in the not 
too distant future. 

The asymptotic Pade approximant methods we employ are directed toward perturbative field-theoretical 
series of the form 



F(x) = F (x) 



i + J2 R k* k 
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where x typically denotes a field-theoretical coupling constant. Unknown coefficients R 
timated via [JV|M] Pade approximants whose Maclaurin expansions reproduce known coefficients R\ 
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Within a quantum field-theoretical context in which coefficients Rk are expected to diverge like /c!C fc A; 7 
||, it has been argued [Q, ||, |5[ that the relative error in using an [iV|M] Pade approximant to estimate 
the coefficient R N+M+1 satisfies the asymptotic error formula 
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where {^4, a, b} are constants to be determined. Within the context of [N\l] approximants (i.e. M = 1) 
the Pade prediction for R N+2 is R 2 N+l /R N , and the error formula (|j) simplifies to 
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Noting that Rq = 1 in @ , one easily sees from (|5|) that || ||| 
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We further note from @ that the [2|1] Pade prediction for R4 can be corrected by the asymptotic error 
formula to yield the following result 
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R 2 3 /R 2 R 2 3 [3 + (a + 6)] g| [g| + R1R2R3 ~ 2R\R Z ] 
1 + 64 ~ R 2 [3 - A + (a + b)} ~ R 2 [2Rl - RfR 3 - RjRj] 
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The final expression in (0) is obtained via @, with <5 2 = (R\ - R2) /R2, S3 = (-Rf/^l — R3) /R$- 

We first test this asymptotic Pade-approximant prediction (APAP) for R4 against the known values 
of the coefficients R\ . . . R4 in the coupling-constant (3- function for the scalar field theory ([fl) : 
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The coefficients R\, R2, R3 and R4 have been calculated explicitly 0, and are tabulated in Table |]. 
The APAP prediction for R4, as obtained via (^) from prior coefficients (R± . . . R3) is also tabulated as 
j^apap ^ n Table H The relative error 
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is seen to be astonishingly small (0.2%) for single-component (N = 1) scalar field theory, and remains 
less than 5% for N < 5.0 

We have repeated the above procedure for coefficients R\-R^, as extracted from ref. J/J, in the 
anomalous mass dimension j m (g): 



7m (9) 
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These values are tabulated in Table || for N = {1,2,3,4,5}. The APAP prediction for R4, as obtained 
via (|^) from R\, R2, R3, is within 10.4% of the true value for a single component scalar field (N = 1), 
and becomes progressively less accurate as the number of scalar field components increases. Nevertheless, 
even the five-component APAP estimate of R4 differs from the true value by only 18.3%, remarkable 
accuracy for a five-loop estimate that is obtained entirely from lower-order perturbative contributions. 

We suspect the somewhat diminished accuracy in the estimate of the five-loop contribution of j m , as 
compared to that for (3 g , may be a consequence of the value for Ri remaining static at —5/6 while R2, 
R3, and i?4 are all seen to increase in magnitude with the number of scalar-field components N. Indeed, 
a similar situation arises for the vacuum-energy /^-function v (g), as defined and calculated in || and || 
for the TV-component massive scalar-field theory (|l|): 
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In the above expression, R\ is clearly zero for all N. Consequently, APAP estimates for R4 obtained via 
(0) are simply (2i? 2 ) • Surprisingly, such an estimate does substantially better than R3/R2, the naive 
estimate of R4 from the [2|l]-approximant, as is evident from Table ^. We note that R£ PAP actually 
improves in accuracy with increasing iV; the relative error in Rf PAP decreases from 27% to 18% as iV 
increases from 1 to 5. 

The six- loop contribution to the scalar- field anomalous dimension 7 2 has not, to our knowledge, been 
calculated. Only contributions up to five-loop order are listed in ref. 0]. These results, when expressed 
in the form 
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are tabulated in Table |j. The algorithm (Q) is used to predict R4, the presently unknown six-loop 
contribution. A genuine test of the asymptotic error formulae (|j) would be to compare the final column 
of Table § with the results of a six-loop calculation. 

It is perhaps of even greater value to see if the success already evident in APAP predictions of five- 
loop terms for f3 g (g), J m (g), and P v (g) carry over to the next order of perturbation theory, by extending 
the APAP procedure based on the error formula (|j) to estimate six- loop order contributions (-R5) from 
lower-order terms in perturbation theory. We note from ^) that 
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The coefficients R4, for /3 g have also been estimated quite accurately by a somewhat different procedure in M involving 
explicit use of the iV 4 dependence of R4, as well as an overall fit of R^s iV-dependence within the context of a simplified 
version of the error formula 071) . 
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We seek to improve upon @ by incorporating knowledge of i? 4 , hence of £4, into A and (a + b). Since 
this applies the asymptotic error formula at a larger value of N, the results of the constants in (Q) should 
be more accurate. The equations 

A ^ A 

(14) 



2 + (a + b) ' 3 + (a + b) 

have solutions 

A = — ; (a + b) = — — (15) 

d 4 - d 3 4 - 3 

Noting from (g) that £4 = (i? 3 — R2R4) / (R2R4), we obtain the asymptotic error formula prediction 

_ fi 4 [R1R3 — 2R4R2 + ^1^2-^3-^4] 
5 ~ i? 3 [2i?ii?i - R±R? 2 - R 2 2 Rl] [ j 

The final column of Table |l| lists this APAP prediction of the six-loop term i?5 for N = {1,2,3,4,5} 
In view of the accuracy already noted in the APAP prediction of the five- loop contribution to P g (g), a 
comparison of this column's entries to an explicit calculation of the six-loop contributions to the /5-function 
would be of evident value. 

For completeness, we have also added to Tables [2] and |3| predictions of the six-loop contributions to 
7m (9) and (3 v (g), as obtained from (|i~6|), Kastening has already noted || that the six-loop contribution 
to v (g) is perhaps the easiest six- loop quantity in scalar field theory to calculate. Perhaps a direct 
comparison of such a calculation to the final column of Table || will be possible in the near future. 

We are grateful for support from the Natural Sciences and Engineering Research Council of Canada. 
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N 


Ri 


#2 


^3 


i?4 


nAPAP 


E 


nAPAP 


1 


17 

9 


10.84989 


-90.53526 


949.5228 


947.8 


0.002 


-11744.2 


2 


-2 


11.98433 


-105.1544 


1153.352 


1165.0 


0.010 


-14814.4 


3 


23 
11 


12.99584 


-119.3579 


1363.260 


1394.1 


0.023 


-18116.2 


4 


13 


13.91515 


-133.2477 


1579.416 


1633.9 


0.035 


-21659.1 


5 


13 


14.76355 


-146.8943 


1801.925 


1883.4 


0.045 


-25451.9 



Table 1: The coefficients R\-R± in the coupling-constant (3- function f3 g (g), as defined in (H) and as 
calculated in ref. 0] for an iV-component massive c/> 4 scalar field theory. The quantity R A p is the 
asymptotic Pade-approximant estimate of the five- loop contribution R4, and E is the relative error defined 
in (^) between this estimate and R^s true value. The quantity R APAP is the asymptotic Pade estimate 
of the six- loop contribution to f3 g (g) . 
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-19.956305 


150.7555 


135.07 


0.104 


-1478 


2 




47 

12 


-23.90300 


191.8840 


168.37 


0.123 


-2055 


3 




13 

Sr 


-27.98248 


236.9432 


203.06 


0.143 


-2882 


4 




4 


-32.19475 


285.9396 


239.18 


0.164 


-4738 


5 


— 6 


31 

6 


-36.53981 


338.8796 


276.80 


0.183 


+1446 



Table 2: The coefficients R1—R4 in the anomalous mass dimension 7 m (<?), as defined in ([H]) and as 
calculated in J/]]. The quantity R AP is the asymptotic Pade-approximant estimate of the five-loop 
term R4, E is the relative error in this five- loop term [eq. (0)], and R APAP is the asymptotic Pade- 
approximant estimate of the six-loop contribution to 7 m (g) . 
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-0.8812764 


4.267430 


3.1066 


0.272 


-16.83 


2 







-1.305595 


6.813963 


5.1137 


0.250 


-28.43 


3 





24 


-1.795193 


9.996941 


7.7345 


0.226 


-43.71 


4 





1 

4 


-2.3500705 


13.861014 


11.0457 


0.203 


-63.04 


5 





7 

24 


-2.9702280 


18.450833 


15.1239 


0.180 


-86.85 



Table 3: The coefficients R1-R4 in the vacuum-energy j3- function (3 v (g), as defined in ([TT|). Values of 
Ri, R2, and i?3 are extracted from ref. the five-loop contribution i?4 is extracted from ref. ||. The 
quantity R APAP is the asymptotic Pade-approximant estimate of the five-loop term R 4 , E is the relative 
error in this five-loop term [eq. (0)], and R AP is the asymptotic Pade-approximant estimate of the 
six- loop contribution to f3 v (g). 
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3 
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65 


-23.10702 


134.7 
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5 

— B- 


55 
12 


-28.33255 


186.1 
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12 


725 
144 


-33.762556 


252.0 


4 


-1 


65 
12 


-39.37539 


337.2 


5 


13 
12 


275 

48 


-45.149425 


448.9 



Table 4: The coefficients Ri, R2, R3 in the in the anomalous dimension j 2 of the scalar field propagator, 
as defined in ( |i~2|) and extracted from ref. (7j. The quantity R APAP is the asymptotic Pade-approximant 
estimate of the six-loop term. 
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